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in a principal plane of the pure homogeneous deformation.
In this case necessary and sufficient conditions that the

relations [8.9] be satisfied are

2
W+ AW, >0,
(8.10]

-1

2 L 1 - 2
Wip * 200, + MW, 2 ‘7(11 *s Ai) (W, +A5W,)

(i=1,2,3)

The conditions [8.10]l were previously obtained by Baker and
Ericksen (26) and are usually referred to in the literature as
the Baker-Ericksen conditions. It has also been shown by Sawyers
and Rivlin, in unpublished work, that the condition B > 0

follows from the Baker-Ericksen conditions.

The conditions [8.10] can also be obtained (27) from the

following considerations. We consider the material to be sub-

jected to a pure homogeneous deformation as before. We now

superpose an infinitesimal simple shear for which the plane of

shear is a principal plane of the pure homogeneous deformation

and the direction of shear is that of a unit vector, K say, ﬁ
lying in this plane. We consider the change, as a result of

this superposed simple shear, in the traction in the direction |
of K acting on unit area of a plane parallel to K and to i

the normal to the principal plane considered. The ratio between

Lk

this traction and the amount of shear is the incremental shear

B

modulus. The relations [8.10] are necessary and sufficient
conditions for this to be positive for all choices of K in

a principal plane.
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9. Bifurcation solutions for a thick plate under thrust

An example of another type of initial stress problem which
can be solved, without imposing restrictions on the form of the
strain-energy function beyond those implied by isotropy and
incompressibility, is provided by the calculation of the bifur-
cation condition for a thick rectangular plate of isotropic

incompressible elastic material, subjected to biaxial loading.

Suppose the edges of the plate are parallel to the axes
of a rectangular cartesian coordinate system Xx and that the
lengths of these edges are 221, 212, 223 (ZIL3 2)
The plate is subjected to a pure homogeneous deformation, with

>> 221, 22

extension ratios Al A, A3 and principal directions parallel

to the axes of the system x , and is held so that A3 remains
fixed, the faces perpendicular to the 2-direction being force-
free. The values of Al, A2 are then varied (in accordance,

of course, with the incompressibility condition A A, = Agl)

and the critical value of X (= Ag/xl) is determined for which
a bifurcation of the flexural or barreling type in the 12-plane
can exist. The faces initially perpendicular to the 1l-direction
are constrained, so that they remain perpendicular to the 1-direction

and the tangential surface traction is zero over them. While

these constraints are admittedly somewhat artificial, they have

the merit that, with them, the problem can be solved exactly.

We denote the wave-length of the superposed flexural or

v

barreling deformation by 2n/Q , so that

e

-

g DRV~ et

Q = mr/Zll (Rl dyves) o [8.1]




= 90

Then, the critical value of X , at which a bifurcation from

the state of pure homogeneous deformation becomes possible, is

given, for specified values of n (i.e. of the mode of the

superposed flexure or barreling) and of 22/11 , by

2
2 .22
tanh 2,4, g Qo +A7Q ?l
b
tanh @ 1, Q§+A292 a,
or [9.2]
tanh 2.2 Q242222 ¥ o
s - O L 5
’
tanHQQIL2 Ql+>\292 92

accordingly as the superposed deformation is of the flexural

or barreling type. Ql and 92 are defined by

P{peZsa10?) ¢ [1fea- 0% 021 L Pl

o)
]
| -

where A is defined by

Z(Al+}‘2)2 2 I
A = m (Wll+2)\3w12+}\3w22) . [9.4]
L3 2

Equations [9.2] were apparently first derived by Wesolowski

d (28).

It follows from eq. [9.3] that formally, at any rate, we

may discuss the implications of eqs. [9.2] in three distinct

cases:
. 2 2 ol Bl
(i) Ql and 92 are both positive,
4 2 2
- (11) Ql and 92 are complex conjugates,
A 2 2
;3 (iii) Ql and 92 are both negative.

:
“
"
;

It is apparent from eq. [9.3] that case (iii) arises if and

only if




)
A+]1,2
A < '[A-l) : [9.5]
case (ii) arises if and only if
A+1ly2 B}

‘()\_1) £Ah< -1, [9.6]
and case (i) arises if and only if |
i
R =1, [9.7] |

The necessary conditions [8.10] for material stability

derived earlier imply that we need consider only cases (i)

and (ii). We shall, in fact, consider only case (i).

In order to discuss the qualitative implications of

eqs. [9.2], Sawyers and Rivlin (29) found it convenient to

rewrite them in the form

sinh[ (2A%cosh 8)n] _ , [(1+2%)?+4 sinh®s]cosh ¢ 15 .8]
sinh[(2A*sinh §)n] [-(1-1)%+4 cosh®5)sinh &
where
negoos i and  sinh?6 = & (1+A) (A-1)2 [9.9]
it | e ) :

.

and the plus and minus signs in eqs. [9.8], apply to super-

posed deformations of the flexural and barreling types respectively.

- o e -
iy

Equations [9.8] may be regarded as equations for the

£ 25 IO

determination of %,% , and hence of n&,/%, , corresponding

to a specified critical value of X . Then, provided A > 1

P
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i.e.

theorems:

(a)

(b)

(c)

subject to the restriction A>-1 , the ranges of critical values

of

», ¢ 1is real, it is fairly easy to prove the following

If A<l , corresponding to the situation when the applied

force in the 1l-direction is tensile or zero, neither of

the eqs. [9.8] has a real solution for n22/21 . Accord-
ingly in this case no bifurcation of either the flexural
or barreling type is possible.

If A>1 , corresponding to the situation when the applied
force in the 1-direction is a thrust, and the upper sign
in eqs. [9.8] is taken, so that we are considering only
superposed deformations of the flexural type, then one and

only one solution for nle/zl exists provided that
2 2
4 cosh®8 - (A-1)° > 0 [9.10]
and no solution exists if
2 2
4 cosh®s - (A-1)° < 0 . [9.11]

If A>1 and the lower sign is taken in eqs. [9.8], so that
we are considering superposed deformations of the barreling
type, then one and only one solution for nzg/ll exists

provided that

4 cosh®s - (A-1)% < 0 [9.12]
and no solution exists if

4 cosh®s - (A-1)% > 0 . [9.13]

It follows that whatever may be the strain-energy function,

A at which bifurcations of the flexural and barreling types




—

can occur are discrete. The value of A separating these

regions is, of course, given by

4 cosh®s - (A-1)° =0 , [9.14]
and, with eq. [9.9]2, by
A2 - (3+A)A% + (2A-1)) - (1+A) = 0 . [9.15]

We bear in mind here that if the expression for W as a function
of Il and I2 is known then the dependence of A on X is
also known.

For any constant value of A we can plot n against the
critical value of A for a bifurcation to occur. We cobtain
curves of the form shown in Fig. 1. Generally, the situation
A = constant 1is somewhat artifical*. However, curves such
as those in Fig. 1 can be used to determine the critical values
for bifurcations of the flexural and barreling types, corre-
sponding to any specified strain-energy function and a specified
value of n , and hence of n22/2l . From Fig. 1 we read off,
for the specified value of n , corresponding values of A and
A , for flexure, say. We plot these on a graph and on the same
graph we plot corresponding values of A and X obtained from
the expression [9.4] for A with the specified strain-energy
function. The intersection of these two curves gives us the

critical value of X for a bifurcation of the flexural type

.;*

to exist. An analogous procedure using A vs. A curves for

e

barreling, obtained from Fig. 1, enables us to determine the

* . ¢ :
An exception arises in the case of the Mooney-Rivlin strain-

energy function for which A=0

A R IT
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critical value of A for a bifurcation of the barreling type
to occur.

A particularly interesting conclusion results in the case
when n , and hence nzg/zl , is small (30). Using eq. [9.8]
with the plus sign, we can obtain the following formula for the
critical value of n , corresponding to bifurcation of the

flexural type, as a function of n , in the form

2
A-1 = a,n“ + a2nh + a3n6 + ahn8 +0(nt% , [9.16]
where
L _ 16 s 18
a, =%, a,=7g, a3=37 (At}
N 113
a, = 5w (Ag+ 173} [9.17]
and
A, = Lt A . [9.18]
_gyed

It is easy to show that whatever may be the expression

for ¥ ,

A v 00-1)% = A, + O(n") . [9.19]
We see from this result that the critical value of A-1 |is
independent of A, up to terms of order nh . Also, it depends

on W only through its second derivative, evaluated in the

state for which the thrust is zero, up to terms of order n8 5

so that for all materials having a strain-energy of the Mooney-

Rivlin form, the critical value of A-1 1is the same up to terms

8

of order n

To give some quantitative feel for the insentivity of the




v T ——

- A

critical value of A to the value of n and hence of lz/ll .
we mention that if AO=0 and n = .793 , which for n=1 corre-
sponds to 22/21 = 0.505 , the value of A obtained by taking

the first three terms in eq. [9.16] is 1.608 and that obtained

by using the exact formula [9.8] is 1.600 , corresponding, if

A3=1 , to compressions of 21.14 and 20.94 per cent respectively.

A parallel insensitivity of the compressive force to the
precise form of the strain-energy function is alsc found. The
compressive force F , per unit cross-sectional area measured

in the undeformed state, is given by

F = —4>\;5T0(a1n2+a2nh+bn6+cn8) + 0(nt9y [9.20]
where
¢ il 43 s 584
b=35 (A+37) » © =755 (A 558 > [9.21]
and
2
T = (W +\°W . Q.22
0 ( 1 A3 2)|x=1 [ ]
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Relating to the Mechanical Behavior
of Viscoelastic Materials.
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